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'3 . ‘ Early Addition Estimates:

Retrieval or Problem Solving?

How do young childrén estimaté the sums of singlefdigit addition problems
before they learn the "basic addition facts"? Do they resort to guessing, recalling &
stored associatioh, or problem sblving? Siegler (Siegler & Robinson, 1982; Siegler &
Shrager, 1984) has advar?ced a model that suggests that estimates are retrieved from
previously leérned assbciations. In this paper, I delineate limitations of this moael,
g]escribe an alternative moqel, and repori on two studies designed to test the
co'njéctures of these rgodels . |

It should be noted that ‘this paper will deal with only one aspect of Siegler's
model: the retrieval strategy. That is, the paper will 'fc;cus on Siegler's description of
children's responses to addition problems when they are asked not to’' count or use their
fingers but to state the first answer fhat comes to: mind. The paper does not address -
another important aspect of Siegler's model: the issue of strafegy choice. Mpre 1
specifically, the paper does not deal with what strategy ("ecounting fingers," "fingers,"
"eounting," or "retrieval") the chiid ‘would naturally select or why one strategy would
be preferred over another. .’

-

The Distributions-of-Associations Model @

According to Siegler's model, estimt;tés are not random but are influenced by
prior knowledge. The probability of retrieving a particular answer is pr‘oportional to
the associative strength between that answer and the problem. The distributions of
associations describe the associative sfrengths among problems and various potential

answers (see Figure 1).
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Even before they begin computing sums, children have some basis for making

estimates. More specifically, the formation of a distribution of associatiogs is
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influenced by prior V- ‘wledge of numbers and the counting string. One piece of prior

knowledge is that numbers as a general class ére appropriate answers to addition
X ' ')\

problems. A second kind of prior knowledge is number-after relationships in the

counting string. Thus, when a problem such as 2 + 4 is first presented to a child, it

" triggers an association witi.- numbers with which a child has had previous exposure. If a
child was familiar with the numbers 1 to 10, the respoh"se to 2 + 4 would be selected
from this set of n'umbe'rs. A child would be especially likely to.advanc;e the number in
the count string that comes after the last addend. For 2 + 4, the child woﬁld most
frequently respohd "5," because 4 and 5 already‘ share a relatively high degree o}f
association.

Siegler describes an important exception to the étraightforward,°as§ociative-—

retrieval account. For ‘_"descending problems" such as 4 + 2, the most prevalent

estimate was the number in the counting string after the first addend (i.e.c, "5" in the

case of 4 +2). To account for these results, Siegler and Shrager (1984) hypothesiz.e'rthe
introduction of a reasoning process. - !"The “last addend in an addition problem may

always activate its immediate successor as a potential answer, - However, other

knowledge that preschoolers have, namely that answers to addition problems should be

at least as great as the larger addend, may prevent them from stating counting-string

associates as answers on descending-series problems" (p. 265). On 4 + 2, for instance)

the child would not say 3 as an answer because semgntic knowledge disqﬁalifies
numbers less than 4. |

An important assumption .of the distrbutions-of-assogiations model "is that
"children learn the answers they state. Thus when a ¢hild responds with an estimate'of
5to 2 + 4, the association between 5 and 2 + 4 is strengthened. Moreover, children's
initial c‘omputational efforts may be error prone and so associations between 2 + 4 and

various incorrect responses such as 3 or 4 are strengthened. Because an off-by-one

error is & common calculational error, the incorrect response 5 is especially likely to
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be strengthened. In cases such as 2 + 4, where the counting-string associate is also a .
frequent computatiénal érror, the number after the last addend is an extraordinary
likely response. - ;

| At some pointy though, childﬁren learvﬁ to compute efficiently; Aé the :child
compﬁtes the correct sum more &nd more" often, the association between Ia_r" Jblem
and its correct sum-is gradually strengthened. Eventually the correct answer is
produced so frequently that the a’ssociation between the problem ahd the correct sum

becdmes preemptively strong.

. A Critique of Distributions-of-Associations Model

Theoretically and “empiriecally, the distributions-of-associations 'rrllod‘él has a
number of weaknesses. First, what little evidence, there is of children's éarliest
estimates is not coﬁsistent-with the model's assumptidns c;ncerning the initial state .of
the distribdtions of gsscdnlgiationls. To reflect the assum_ption thgt children know enough

to respond ‘with a number,.the computer simulation of the model starts with a set of

“

minimal (absolute) associations-between each problem and each possible answer, whié
éré \arbitrarily 'defined as the whole numbers 1 to 12. E.ach poss‘ible answ; to a
problem is ggsigned an absolute associative strength of .01 (a relative associative
\strength of about 1/612 or .08). To réflect the lassumption that counting—stfing"
associates are a 'factpr with ascendihg problems and ties, th&,aésociative value of the
number after the last addend is, in effect, inc‘reaseq. .’Fhus, for ascending probl“ems'
and ties, at least, the\model implies tl;at a child's initial &etima;es for any given
problem will include the whole range of khown numbers and that, except for the
counting-strir;g associates, all the known numbers ere equally likely to be given as
initial estimates. |

Currently no data have been c¢ollected that directly test these assumptions.

However, the cross-sectional data collected by llg and Ames (1951) suggest that initial

estimates do not range more or less evenly over all known numbers. This research
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found that early estimation errors were "more an error of method than an errcr of
answer" (p. 10). More specifically, younger but nat-older subjects sim[;ly stated one of-

the addends or added one to the larger' addend.” In other words, it appeared that the

yoynger subjects were not recalling an incorrect suimn but were manufacturing an
answerobased on how they mterpreted the task. ) . w'

Second, the model does not provide a fine-grained account of Siegler and
Shrager's (1984) estimation data summarized in Figue 1. For example, the model
specifies' why the eutimgte of 5 for 2 + 4 increases irfrelative frequency (5 is not on}y
a counting—striﬁg associate but a common calculation error for thz problem). Unclear

o <

is why an estimate of 4 is so "infrequent (.02) in comparison to"resgonses such as 3 or 8

(both .07). Because 4 'is closer to the sum than 3 and because children tend to

undercompute rather than overcompute, it would seem that 4 would be a more likely

error than elther 3or 8

{

Consider other speclfxc aspects of the Figure 1 data that are mconmstent with

the pradictions of the model. For 5 + 5, the common off-by-one computing error

shbuld make 9 (.04) a much more probable response than 0 (.04) or 5 (.07). Moreover,

‘because computing errors tend to be asymmetrical around a sum (children tend to

undercount rather ,‘tha_n'ove/-peount), 9 should have*a somewhat higher:-associative
strength than 11 ( 94). ’I‘hg same kinds of logic apply to the following cases:
| 3+5,  70.14), = 5(13); ‘, o,
- 4+3,  6(.09), 8(.09);
4+4, 07,  6(.07); |
s 4+5  8(11),  10(11); -t
5+3, 7.16),  5(.18);
544, 81D, 4L,
The discrepancy between prédiction .and data in .ligure ‘1 i§ most striking in

several cases where the counting-string, associate and off-by-one computing: error
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* of only 0.5, while 2 has a nearly equal value of .01 and 7 has an equal strength of 0.5.

- N
‘.a —5 - -

should have produced a ¢ amatic differen.ce. For 2 + 2, 3 has an associative strength
For 3 + 2, 4 (.11) should have an associative strength considerably higher‘than 2 (0.9).
(Because it is a counting-string aésociq‘ie and closer to the sum, 3's relative associative..
value of .11 should also have been ru.her greater than 2's.)

Third, the“role of semantic knowiedge is invoked inconsistently and in a. manner
that does not agree witp a significant portion of the empirical data. In the»caée of .
descending probleins, the counting-string assdciat_g is not usually the most ‘common
estimation error. To account for this anomaly, the distributions-of-associations mokc.lel
suggests that semantic knowledge of additior) disallowé estimates less than the larger
addend. For exambple, for 5 + 3, knowledge that addition irﬁplies inr:remenfing'would

override the choice of 4—the counting-string associate. The model does not explain '

why semantic knowledge is not'also used to check the estimates to ascending pr»oblems
) .

“and ties. Moreover, the hypothesis does not account for the fact that a significant

propoﬁti'on of the responses to Qe-scending problems were "impossible sums" (rectangle- ;
enclosed responses in Figyre 1). No.te, for e:xémple, that resplonses-to-5 +1 of '2,- 4, and
5 had a cumulative frequency of .15; responses to 5 + 2 ,pf 2; 3, 4; and 5 had a
cumulative frequencyot" .45; responses.to’5 + 3 of 2, 3, 4, and 5 had a cumul;ative :
frequgncy of .40; and r‘esbonses to 5 + 4 of 4 &nd 5 had a cumulative fl‘reque'ncy‘r of .32.
Inde;'d,kfor the 10 descending problems, nearly a quarter of the responses were not
greater than both addends (in Figure 1, the mean cumulative frequency of answers
equal to or less ihan the larger addend f or'these 10 problems was L23).

| Fourth, " the distributions-of-associations model do‘és' not take into account.

possible qualitative differences in estimation ability or aljow for qualitative changes in

\ch.ildren's estimates. The errors of method described by Ilg and Ames (1951), for -

example, seem to be qualitatively different. A tendency to repeat an addend would

7q
seem to be a very early estimation methad-—a response bias used by children whd know
o '

& ¢
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very little about arithmetic. More advanced children might rely on the qualitatively
different strategy of adding one to the larger addend to honor their knowledge that |
addition involves inecrementing. _ _
Baroody (1983) found that children of different le\iels of addition | dability
appeared to make qualitatiuely different typeé of estimates. Children ;vho had to be
| shown a concrete counting-all procedure repeatedly simply stated the counting—striné
associate of the larger addend. Children who knew one sums and mastered a concrete
?

procedure after only qne demonstratlon tended to use an add=several strategy (e.g.,

estimating that 3 + 5 ‘would ~add up to 7). A few children in this longjtudinal study

appeared to develop qualitatively different estimation strategies during tDe course of
the study.. Moreover, Baroody (1985) r_eports a case of a kindergartner who did not
'know zero sums. 'After bnief instruction, the girl was able to respond efficiently even )
_-to novel zero problems._ This £vidence suggests that the éirl learned a general zero
(identity) rule that could be used to- generate sums to previously unpracticed
combinations. .~ 'J
The .empirical basis 'for the distributions-of-associations model has two
weaknesses: Siegler and Shrager's (1984) study was not longitudinal in design and the
dis:tributions of associations were tallied.across subjects, Thus the study was not
. designed to test the assumptions concernin_g /phildren's earliest estimates (what Siegler
and Shrager refer to as the learning phase of the computer simulation of the model). -
Moreover, the study may have lumped together children who were at developmentally
. dlfferent levels and who were responding in quautatwely different manners. This
would help to account for the dlscrepencles between the predlcted and the actual
- relative associative strengths of some estimation errors, why, the countlng-strmg‘

associates were not always the most common type of estimation error for :descending

problems, and ‘why so many responses to descending problems.were ess than or equal

]

to the larger addend. The nature of Siegler's analysis gan also’ account.for the




discrepancy between the model and existing longitudinal and case study data:* Why )

¥.

initial estimation errors may consist of 's'tat.in‘g one of the addends, and why progress in

-

estimation ability_ appears. to involve qualitative changes.

An Alternative Model " &

The problems of the distributions-of-associations modelaare ”av'oided by an "
alternative model that suggests that semantic and associative memory work together
‘to account for the, development of mental arithmetic, including early estimat’ion"
performances with single-digit b?oblems. The alternative model shares some of the
same assumptions as the distributions—of-associations’ model, but alsd differs fxiom it in
‘some fundamental ways. The alternative- model—like the distributions-of-associations
model--posits that a” pi'otracted ~computing experience is an important stage for
ma-stering the basic nulmber combinations. ; | |

) Comp‘uting experience may well help to build up associated responses to specific
arithmetic problems. However, unlike the dlstrlbutlons-of-assoclatlons model, the
alternative model suggeéts th:t the amount of practlce may not be the determining |
factor in mastering the basic number combmatlons. It may be that'a sum is computed
repeatedly with little or no impact on long-term memory (bTM). Like v n unimportant
telephone number that is needed for only the moment, the problem. and computed sum

4 KN

". are held in worklng memor& but not entered 1nto LTM. Sometlmes though, as WIth_a
"tel,gphone number that forms,- an 1hterestmg and easily defmable Jpattern, a_\\
combination may make a mark on LTM without clonscilous effort. The ties may be. '
particularly suscebtible to incidental learning because of the abudance 'of readily
recognizable patterns. Common models®are fingers, dice, and symmetrical ‘objects
such as wheels on a car. As with important telephone .numbers,-childrep may

" consciously meke an effort to memorize some combinations. Interest, which may be

motivated by a need for approval or fear of disapproval, may provide a powerful
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’nmcentw,e to learn combmatlons. Very few ‘r'epetmons may be Tequired 1f a child has a

great. interest in masterlng a combmatton (o( 'L‘horndlke, 1922). -~

\
\ : ” i e

The alternatlve model suggests,‘then, that practice does not.automatically leave

»

traces (build up asSociative strengths) in hTM. At some junoture, a ’specific’

associatlon may be* noted between a problem ‘and a -sum and entered _into LTM.

-

Thereafter, practlce may serve to strengthen that assoclatlon SO that gradually that»

response becomes more and more automat!c.

The alternative .model posits another way, in‘Which computing may'_lead’t'o

mastery of basic_number combmatlons. -Computing experlence may be an 1mportant )

.vehicle for dlscoverlng arithmetic relationshlps such as commutatmty, zero rules

(e.gsy N +0/0 + N = N), or one rules (e.g., N 1* 1/1-+ N = the number after N in the

number seyquence). These arithmetic r.elationships_- may not only serve to check

retrieved responses (as is the case of descending problems in the, distributions-of-

" associations model), they may play an integral part in constructing responses. For '-

example, a.' child who has learned a zero'rule can quickly reason out that 0 + 9 equals 9 °

.and 'that 42 + 0 equals 42 without having previously practiced these combinations or

having stored a specific fact in LTM. Repeated practice may serve to atitomatize the
) ' . .

use of such relationships. | | ' - O

According to the alternative model,\ then, the amount of computing may be less

- ' 3]

important than how the child uses the comp}xted results. Computing can lead the child

to dlscover relationshlps and strengthen semantlc knowledge that may underlie number

/4

comblnatlon facllity. Practice may serve to automatize such khowledge so that it ? y

be apphed to arithmetic problems efficiently. However, computmgzper se is ,.ot

necessary for learning relationships and, in some cases, may actually interfere 'wit_h

mastering the basic combinations. Given the readiness to learn, a teacher's comment

might help the child to notice and internalize a relationship. Esper‘ally where children

are just mastering a computing procedure, the process of computing may absorb so -

i0
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much .attention that important arithmetic regularities - or relationship ‘may go

"unnoticed. ' . &
. - _
~ The alternatlve model is based on the (llttle) existing data on children's

i\'

assoc .atlons\m oael”* First

a'lternatIVe model avonds the issue of how to deflne th

,mltlal ‘state of the dlStl‘lbutl Ops of assoclatlons. The alternatwe model suggestsethat

X the nature of mmal estnmates will depend on the deveiopmental sophistication of the

-

‘child's semantlc knowledge and knowledge of the countlng strlng. : For an )

unknowledgeable chlld, the novel stimulus 2 + 4 = ? may mean little. Such a child § foe -

might well fall back on some kmd ‘of response bias to manufacture an answet‘ (e. g.\,"”’

2..

-t 3

\repeaf one of the addends) More soph;étlcated children may assimilate prekusly S -

. >-unseen and uncalculated problems to thejr general cohceptual knbwledge of addition
" . _ .
and manufacture a more reasonable estﬁnate. For instance, given the novel problemf LW

+ 4, a child -might reallze that addition mvolves mcrementlng and that the sum\aas to. -
Y 1
be greater than elther addend. Because the child is very r/ iliar wnfh hext-number -

relatlonsmps, the child advannes "t as -a response. Su"h a model avoms hypothésnzmg .
- RN v " -

that all known nurnbers are lmtlally-with the exceptlon .of’ the countmg—strmg

assoclates—equally lirely responges to \scendlng prohlems and tles. ‘ - ‘ y o . .
. RN . .

Second, the alternative model posnts a more pars;momous use-of éognitive i

resources. When presented a problem, thé chlld draws upon alreagy exnstln&resources.
\-\,

The estimation strategy is ~based on extant kx.owleuge of arltnmetlc and can
~X

manufacture an answer by o peratm g on the stored number sequ 2nce. In brief, the

chxld can qulckly manufacture an answer wnthout building tp {nd stormg in LTM Pt

- P

numerous, (incorrect) prohlem-sum assoclaﬁons. ' C ‘ ‘
R t
i Third, the alternativa model expllcltly ldvokes \use of s /martlc knowledge

regardless of problem type. According to the alterﬁ‘athe 'nodel a child will tend to

use the same strategy for ascendmg problems and ties as well as well as descending
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problems. That is, depending on the level of development, the child will seize on one
of the addends, add one to the last vadden'd,' add one”'to the larger adderid, or‘ add
several to the larger addendi’or all three types of problems. Thus, the alternati_ve
model predicts that some children will generally give impossible estimates regardless
of problem type, others may tend to give impossible sums for descending problems
only, and some will give very few or no unrefsonable estimates. |
Fourth, the alternati:/e model can account for qualitatively different types of
estimates and. hence, for variability among sub]ects. The r'elative frequencies of
estimation errors are not shaped by how frequently a child miscalculates & problem
and arrives at -erroneous answers. In large part, estimation errors are the _result of a
systematic strategie:. based on existing knowledge. Estimation errory’ aljise be_cause.
the underlying: knowledge is not complete and accurate or because the strategy does
not reflect completely and accurately the/aerlymg knowledge. Differences in
underlying knowledge or how it is aEBlie:i account\for the various kinds of systematic
errors different children make; This explains why some children may choose as an
estimate a number less than or equal to the larger addend but other children avoid
sijch a response. .
'Fifth, beéause estimates are tue result .of a strategy based on children's
: conceptual knowledge rather than something -retrieved from a repertoire of specific
numerical associations stored in LTM, the alternative model can better account for

~ qualitative changes in dvvelopment. More specifically, t__their uncerstanding of

addition evolv~s, children should become capable of more sophisticated mental

estimates. ’I‘hat is, a child's most probabqu response (est\mate) might evolve in ways

that are mdependent of the child's previous response history ("distribution of

associations™), Thus, ‘as they become more sophisticated, a chlld's estimation

strategies might chanqe f.roﬁ naming one of the addengs to incrementing by one the

first or second addend. Lsfer the child might increnient the larger addend by one.
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Finally, more advanced knowledge would specify that N + 1/1 + Nand N + M/M + N
(where N and M are greater *han 1 and N is greater than or equal to M_) would have to
be treated differenfly. As 4 result, a very sophisticatled level of estimation ability
would ehtail responding to’N + M/M + N problems with incrementing. by several while
still responding to"N + 1/1 + N problems with incrementing by one. The ,,eyolution"of .
estimation errors, then, may have vepy little to de with the types of combu’;ational’
‘errors childr{en' make.

The remainder of this jpaper reports oﬁ‘two studies that were de;igned to test

directly key assumptions of the diétributions—of—aSsociations model and the alternative

model. A training study involved mormal IQ children of “indergarten age before they

. received-any formal arithmetic training. A second study involved mentally retarded

children. Because their aritimetic learning is often characterized as rote rather than

meaningful learning, mentally handicapped vhildren's estimates_might more readily be -

_explained by the distributions-of-associations model. To address the issue: of

’- B . .
- qualitative differences &mong children, the distributions of associations were gauged

for individual subjects. To address the issue of qualitative development, subjects in

both studies were then given computational training and were tested on estimation

»

tasks. This paper reports on the portions of the studies cug'rontly completed: the

~ pretest _'aAnd posttest results of the kindergarten children and the pretest data of the

meﬁtal-ly-handicapped children. : c »
| f Study 1
Method
Participants )

Children for Study 1 were drawn from a Kindergarten class in a schocl that
se:rves a working- to upper-class suburb of Rochester, NY. From a class of 21, four
children were excluded from the study because they persistently tried to compute
rather than estimate sums. The sample included in the study ‘consisted of 7 boys and
10 girls (ages 4 yeg\bs and 9 months to 5“years and 11 months), |

13
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Design

After a familiarizatiori session, the children were screened onﬂprearithmetic

skills to account for any deficiencies that might impede the addition training. The

children were also screened on basie addition ability__to determine if a child had a
mental computitg algorithm and if a child ecould ecompute sums using concrete objects.
The sereening resulds provided an indication of the children's readiness for arithmetic
or level of arithmetic ability. ‘The children were pretestéd on a set of problems to
estimate their distr.butions of associations.. The set of problems was administered 20
times over the course of 8 weeks. One addend of the test problems ranged from 6 to
9. Thus the test problems were of a type that a child was hot likely to encounter

outside of the_experimental setting. The subjects were required to make mental

estimates—computing was not allowed. The children were then given intensjve

arithmetic training ’for_a period of 8 weeks with a different set of problems—using
problems wituh addends 0 to 5 only. The training was done in small gréups of 3or 4
about twicg a week, Training focused on helping children to understand addition and
to cé'mpute accurately, The trainer avoided pointing out snecific short-cuts such as a
zero rule. Afterward, the children were retested on the (norpracticed) test items. In
effect, the posttest gauggd whether the children would or would not transfer tie
learning promoted by the training sessions. Each problem of the test set was
administered once on the posttest. Transfer of learning was also gauged on the
p<l>sttest by gdministering unfamiliar three-digit problems of the type 0 + 0 + N,N+0
+0,1+1 +b'_’}j_, and N + 1 + 1, where N ranged from 2 to 5. All testing was done on a

one-to—-one basis and audiotaped.

Tasks ' -

. Familiarization Task. In groups of three or four, the children met with a tester

and playad a car race gaine. On their turn, the ~hildren would roll dice with 0 to 5

dots. If necessary, the tester prompted, "i{ow many dots are there altogether?" The

14
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child could then mcve his or her car a number of spaces equal to the sum. Children’
"

who did not know what to do were shown a concrete cOunting-gll procedure (count the

dots on the first die and then continue the count as the dots on the second die were

enumerated).

Screening for prearithmetic skills. Prearithmetic skills tested were oral

counting to 15, enumerating counting sets of up to 15 objects, producing (counting out
sets of) 1 to 5 objects, reading'single-digit numerals, and applying the N + 1 >N rule.
For the orél-counting task, the child was asked to count a card with 15 stars, If

the child did not successfully generate the numpber 3equence to 15, the task ‘was
';' .

readministered in 8 make-up session.. The child's best counting performan/ce was
scored aclcox‘:ding to the following criteria: 3 points for a correct count to l"5; 2 points,
for a correct count to 10 and one error from 11 to 15; 1 point-for a correct count to 10
but more than one error in the teens; and 0. points if the child could not eount to 10
correctly. J

For the object-counting task, the child was asked Lo enumerate 5, 7, and 15 stars
attached to cards in regular arrays. A trial was readministered in a make-up session if
the child was incorrect. The scoring' criteria were: 3 points, if the child correctly
enumerated all the sets on the first try; 2 points, if the child was correct on the first
effort for two trials and, for the third, was correct on the make-up or used 1-1
pointing but made a tagging error; 1 point, if the child was unabie to enumerate ore
set; and 0 points, if the child was unable to enumerate two or thrée sets.

The counting out sets task involved having the subject produce one to five pegs
from a disk of pegs. The criteria were: 3 points, 80% accuracy or better; 2 points 50-
79% accuracy, 1 point, 20-49% qccuracir, and 0 points for 0-19% accuracy.

The N + 1>N rule was evaluated by askihg the subjects, in raridom order, which

was more 1 or 0, 2 or 3; 5 or"4, 6orf7 and 9 or 8.. If the child was not correct, on all

five trials, the task was readministered in a make-up. The seoring criteria were: 3

15
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points for 5 correct responses on the intial test; 2 points for 5 correct responses on the
make up; 1 point if one error persisted on the make up; and 0 points if 2 or more errors
persisted.

In the reading numerals tasks, the children were asked, in random order, to read
the numeérals 0 to 9. If a child was incorrect, a make up trial was administered later.

A correct response in the make up scored as one-half correct. The c:.iteria were 3

puints for no errors; 2 points for one-half to one error; 1 point for one and one half to

. two errors; and 0 points for three or more errors.

Screening for additjon ability. The tester administered five change-type word

problems involving the problems Hl +2+72+4=723+5=24+1=%and5+3=7,
in random order.. The children were encouraged to solve the problem méntally first
and, if need be, by using concrete objects. Children who did not know how to use
objects to compute sums were taught a concrete-counting-all procedure: count out
the number of blbcks that represents each addend and then count all the Llocks Rut
out. One point was scored for correct answérs regardless of solution procedure. No
points were awarded for a trial on which the child had to be shown or helped with a
concrete counting-all procedure. Scores could range from 0 to 5.

The children were also evaluated on proficiency with basic number facts with -
addends ranging from one to five. Using the estimation task described below, the
children were given the following problems in random order: 1+3, 1+4,2+ 1,»5 +1,
2+3,2+4,3+5,3+2,4+3,and5 + 2. The children were asked‘to respond to the
problems quickly, without calculating. One point was awarded for each correct and
automatic response. Scores coula range from 0 to 10. (The number-fact screeniﬁg
also served as a .amiliarization round for the estimation test administration in a latter
session.)

Estimation Task. The estimation task took the form of a "Quick Think" Game.

The tester explained, "Let's play the quick think game and give you a chance to win

16
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some prizes. Tl give yon some adding problems, and you tell me gqujekly what you

think the answers are. In this game you don't have to use blocks or fingers to figure
out the answers—just think what the answer is. If you answer all the problems quickly

—before the bell on the timer rings, you win a prize. [The child was shown the timer.]
2]

Il keep score and if you give good answer§, you'll win even more prizes. There's one
[

special rule in this game: You have to keep your hands folded. Remember, think hard

4

" and answer quickly."

A trial was readministered at a later time if the child tried to compute the sum N
or if the child answered correctly but took more than 3.0 second t'ov respond. On 21
pretest trials, children responded with sums greater than 20 (e.g, "100™ or with
unusual answers (e.g., "8 1/2"). These trials were readministered at a later time
because it was judged that the child was not malZin;g a genuine estimation effort.
Three posttest trials were readministered for the similar reasons. This procedure -

basically worked in favor of the distributions-of-associations model and against the

- predictions of the alternative model.

The' test problems included both ascending (small-addend-first) problems and

| descending (large-addend-first) p'roblems of three different types: zero, one, and large

problems. The aséending zero (0 + N) problems were 0 + 6 and 0 + 9; descending zero
(N + 0) problems were 7 + 0 and 8 +0; ascending one (3 + N) problems were 1 + 7 and 1
+ 8;' descending one (N + 1) problems were 6 + 1 and 9 + 1; ascending large '.(_M_ + N)
problems were 5 4."6, 3+ 17, and 4 + 8, and descending large (N + M) problems Qere 7+
4, 8 + 5, and 9 + 3. The problems were chosen so that the sums are evenly distributed
from 6 to 13. The three-digit transfer problems (0 +0+2,0+0+5,3 +0+0,4+0+

0, 1+1+3 1+1+4,2+1+1,and5 + 1+ 1) were administered after the test

&

. problems on the posttest. The test and transfer problems were presented in random

order. The speed of posttest test and transfer problems were rated as follows: a -

reaction time (RT) of less than 1.00 second was scored as 0, a RT between 1.00 and
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. 1.99 was scored as 1, a RT between 2.00 and 2.99 v;vas scored as 2, and a RT of 3
| seconds or more wus seored as 3.
Training | |
"l‘he training consisted of four phases,“ each phase lasting two weeks. ‘In Cycle 1, {
- each addend of the addition problems waé represented by dots within a 7.62 x 7.62 cm
box on a 5" x 8" card. The dots were arranged in a regular pattern as on a die. An
empty box .represented "zero, Belqw each bpx the éardinal value of the‘ addend was
indicated by a numeral. A blus sign was positioned between the two numerals. The
r deck of 36 cards was shuffled and used to play a variety of math games. On their turn,
the childr_gn would draw a card and asked the sum of the problem represented. If the

q - \\
child did not respond or used her own strategy to generate an incorrect answer, the

trainer had the child count the two séts of dots. "
In Cycles 2 to 4, the problems were represented on 3" x 5" cards by numerals
only. In Cycle 2, blocks were provided and, if needed, the child was instructed or
_helped to use a conérete counting-all procedure. In Cycle 3, an abacus-like device
with five red markers on one side and five green markers on other was provided. If
needed, the child could compute the sum of a probl:m by sliding up the appropriate
% - number of markers to represent each addend and then counting-the number of markers
of both colors in the up position. In Cycle 4, nonresponders or incorrect responders
were encouraged or helped to use their fingers to compute the sums of problems.
Lesults
Pretest
There was little evidence of learning over the 20 repetitions of the test problems
that consfituted the pretest. To check for learning, the number of correct responses
to a problem on the first 10 trials was compared tuv the success rate on the trials 11 to

20. For the 7ero problems, 14 subjects exhibited great consistency: The difference in

success rates for each half of the pretest was 0 + .10. There was one case (S 04) in
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which a modicum of improvement was registergd: The child, who had given no ‘correct
zero-problem sums for trials 1 to 10, had success rates in trials 11-20 for 0 + 6, 0 +9, ’ s,
7+0, and 8 + 0 of .20, .10, 0, and .10, respectively. Two subjects had moderate
improvement that was due to their systematic but erroneous estimation strategy. S -
05's success rates went from .50 to .70, .60 to .50, .40 to .80, and .40 to .70, and S 21's
sucéess rates went from .70 to 1300, .70 to 1.00, .90 to 1.00 and .70 to l.(\)b‘:-\ In both
cases, the change could be attributed to the fact that the child used a stat;the-
larger-addend strategy more consistenty 'with all types of problems.
For one problems, thel,'e was only one ] clear “case of genuine general
. improvement. S 14's'success ratesfor1+7,1 + é, and 6 + 1 went from .70. to 1.00, .80
to .90, and .70 to .90. The.success rate for 9 + 1 remained constant at .80..S 03 - | -
improved slightly on 1 + 8 (.80 to .90) and 6 + 1 (.80 to 1.00), while remgining
consist’ent onl+7and9+1(.90and 1.00, respectively, on both halves). Two subjects
improved draniatically.c;n a single one problem but not the‘bther three. S 04's success
rate for 1 + 8 went from .30 to .80 but remained the..samé,('at .80) for 1 + 7 and
actually dropped for 6 + 1 and 9 + 1 (.80 to .30 and .80 to .60, respectively); S 09's
improvement on 1 + 7 (.20 to .70) appeared to be due to the child's increased reliance
on fhe response bie;é of saying 8 for all one and large problems. | - .
For large problems, five subjects showed some imérovement on isolated
problems. S 03's success rate for 5 + 6 went from .30 to .90. S 04's suéces/s with8 +5 -
went from .20 to .40. S 07's success with 3 + 7 and 9 +3 jumped from 0 to 130 and 0 to
.40, respectiv;ely. 'S 07 showed some gain on 8 .+ 5 (0 to .30), and S 20 lhad a modest
gain on 5 + 6 (0 to .20). In all, there appeared to be a minimum of learning on the
| pretest. It appears that the pretest can be taken as a reasonable measure of the
children’s distributiohs of aésocia,tions at the beginning of school. o

For.combinations which they had not mastered, the kindergarten children did

respond with a range of answers but not in a manner that was consistent with the |
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predictions of the distributions-of-associations model. Typically, a large portion of
their responses éould be accounted for by positing a general'estimafion strategy or
even a specific strategy (a strategy that involved choosing just one or a few numbers).
In Table 1, @he most acéurate estimator (S 03), who was.generally correct on zero and
one problems, typicallyQ séemed to add several to the larger \addend for larger
problems. For 3 + 7, for example, the child résp’onded ;'9," "ld;'.? or "11" 75% of the
time (.20, .50, and .05, respectively). Indeed, t_his'hypoihesized strategyv would acgount
for nearly Athx"ee quarters (.72) of all responses given for the six N+M/M+N probl;ms.

This, in itself, is not inconsistent with the distributions-of-gssociations model.

' o Y
LY

4
N

Insert Table 1 about here

'}‘J

What is difficult to explain in terms of the distribuisiohs-of-associations model is
the fact that one answer accounts for nearly half (.46) of the child's responses. As can
be seen in Figure 2, 10 is the mo.;t frequent response for' §+M/M+_li”problems, except
for 5 + 6. These results cannot be explained by hypothesi?ipg the mechanical
productioh of' counting-string associates or answers whose associative strength has
'b'een'built'up becausé of couf,\ting errors. In the case of this subject, it may be that
larger problems are associated with a known féét such as 5 + 5. This factual
knowledge can be the basis ffor quickly reasoning that 11 would be a good estimate for

5 + 6 and that 10 would he a good estimate for other large problems such as 4 + 8,

Insert Figure 2 about lLiere

- Consider another case (S 15) that cannot be €asily explained by the distributions-
of-associations model. It appears that, for all types of problems, the child's general

strategy was to add one to an addend. Moreover, she favored a specific version of this
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strategy: add one to‘ the larger addend_ (advance the counting-string associate). As
Table 1 shows; the general or specific strategy could account for over half of the
. child's responses. Further analysis inéicated a secondary*@endency. * Despite knowledge
of nunibér-after r lationships and magnitude (N + l\>\N) comparisons, this girl
i‘esponded with the number one less than t?e larger addén&\or; some- problems. Yor
example, as Figure 3. shows, she t'ypictﬂly res‘ponded with seven to problems with an h
addend of eight. Thus, it éeems that three strategies (smaller plus one, larger plus
'one; a_nd larger‘ rqinué one) accounted g'or' an astounding "9.096‘ of her responses to zero’-
- problems '_and 97% of hel: peéponsés to one and large problemé. It is not clear how the

) distributiongs-of-nassociatidnq model would account for the discontinuous, highly peaked

4 ' ’
unimodal and bimodal plots in Figure 3,

Insert Figure 3 about here | o

As Table 1 shows, six children (S 14, S 12, S 06, S 09, and S 07) apparently had a
specific response bias--a particular number they favored. In three cases, a single
nurnber accobunted for at least one quarter of ..thelsubject's estimates. Some of these
children would t"avor a nuniber.‘with one type of problem but another for other types.
Three numbers .accounted for three fiffhs of all S 06's responses, buf the preferred
response shifted Qith problem type. '!'hoﬁgh he us'ed 7 and 8 with som.e 4frequency (.10
and .11, respectively), he clearly favored 6 for zero problems (.40). For one\ problems,
he relied edually on his three favorite numbers: 6, 7, and 8 (.22, .21, and .20). For
larger problems, he favdred seven (.25 of the time) and six ‘and eight to a less extent
(.20 and .14, respectively). A shifting ﬁreference among three number accounted for

~three eights of S 07's responses. For zero problems, she relied on 19 (,20) but used 12

and eleventeen with some frequency (.07 and .09, respectively). For one problems, she

shifted preference from 19 (.09) to 12 and eleventeen (.15 and .14, respectively). For

el ‘
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' . large prob.ems, she-used the three favorite numbers with about equal frequency _\%14, "

.12, and .14, respectively) ~

Another type of response b1as—-slmply stating an addend—was used w1th great \‘
cons1ste..t.y by two chlldren. One chlld (&21) typlcall,y chose the larger addend. ThQ)
second chlld (S 05) tended to choosg the larger addend for zero problems, chose either

t

: addend half the tlme for one problems, dand chose the smaller addend somewhat more
often on.the larger problems. ’ § ) | C
As 'I‘able l shows, six subjects—including four of the best estimators (S 01, S 02, '
S 10, and S 04)—typically responded to the estimation task with an answer in the teens
~and typically not just any teen. Stating one of the addends as a teen appeared to be a
favorite way of manufacturing an answer. For{instance, note that in Figure 4, S 10
nearly always responded with an answer greater than 10—most usually with N or M +
.teen. For example, for.7T + 4, the boy responded "17"85% of the time and l4 10% uf
the time. It is unlikely that such frequent teen responses are the result of computlng
errors. Most teen responses—and certainly those constructed from the addends—are |

greater than the sum, even in the case of the larger probiems.

Insert Figure 4 about here

2
Qualitative analyses indicates that the children sometimes responded with &

series of numbers from the standard sequence that were basically unrelatea to the
problems presented. Consider the otherwise mysterious resp'onses of S 05 on repetition

1 to the following four problems:

1+7 --35;
9 1 = ;
0+9 -—T;
9+3-8.
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Seven children appeared to manufacture en‘swers- in this way on only one ‘or two
occasions_: A handful of children (S 14,-S 06, S ‘20—, S 97, and S 17),' ‘howeve_r, apparently .
used the strafegy with some frequene;. Indeed, as Table 1 reflects, it was S 20's most
f;equengy used strategy-—accounting for about one. third of her i'esponseé. If pairs of
numbers from the standard sequence are.included in the tallies (e.g., 0 + 9—"6", 9 + 3—
"7"), a generate-a-number-sequence strategy would ac'douﬁt for half of' the girls'
r_espdn‘ses (52%, 54%, and 47% -of =zero-, one-, anq large-preblem fesponses,
respeetivély). * : C
.l;osttest - _ : |

Accort;ling “to the distributions-ef-essociations model', the distributions of
'assceeiations for the test problems should heygqrema'ined unchanged because of the
absence of eomputational practice,’ Thus the distribzqtion;' of associations gauged by
the pretest should be predicative of the posttest res’ponses. However, the preteet
distributions of associations did not pro‘;ide a good indication of how the children
responded en the posttest. Consider f .rst the zero problems. There were-te;l subjects
. who were correct on less than 90% of the pretest zero trials, This mcludes one boy (S
~ 05) who achieyed 57% accuracy on zero tnals &ind one girl (S 21) who achieved 87% "
accuracy by /virtue of the estimation strategy they used for all problems: choose the\
larger addend.

As Table 2 shows; op'aveqage, the most frequent responses to the zero problems
had an estimated associetive strength of about .55. Because the' zero problems were
not practiced, the mean associative strength of the posttest response; should be about

the same for subjects who did not know the zero cor:lb .ions at the time of the .
pretest. Moreover,‘ given associative strengths ‘ranging‘ from .54 to .59, 'the hmodel
would predict that the mest frequen't pretest reeponse would be given ab'gu't 22 times -
(.55 x 40 responses). ‘Yet the mean associative strength of the posttest respuases was

dramatically lower, and the subjects responded on the posttest with an answer with the
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greatest associative strength only eight times. In fact, the children’ re'sponded with
novel answers twice as often and with their third-most-frequent pretest answer more

often than their favorite pretest response.

v .

" Insert Table 2 abou' here

-

f"urthermore; the distributions-of-associations model preciicts lthat the "h.igher the
associative strength of an an’siner, the more likely it is that a child will respond with
that answer. Thus, favorite responses on the ;re;est that had “relatively nigh
conditional probabilities should be_}more 'likely on thecposttest than a fa\rorite response
" that had a reietively low associative strength. Thus the Glass rank-biserial, pretest-
posttest correlation should be moderate (.4 to .6), if not high. HoWe_ver, except for 7 +\
0, the correlations were low for the ten subjects who initially did not know the zero
combinations. The correlations for the seven children who genuinely made progress .‘
are overwhelrningly negative: -0.26, -1.00,1 -1.00, and 71.06, respectively.

- The diserepancies between' the pretest and posttest zero-problem data are due to
the fact that .the subjects were considerably more aceurate on'.the posttest than on the
pretest. The ten subjects responded correctly to 19% of the pretest zero ‘trials and
95% of the posttestH trials, Their mean absolute error. for the zero trials fell from 2.9
on the pretest to 0.2 on the posttest. However, three subjects improved their
accuracy in zero problems by indiseriminantly using a state-the-larger addend with
consistency. S 05 and S 21 had used this strategy regularlyon the pretest; S 18 -
apparently adopted this strategy for the posttest. "If these three cases are'excluded
from the analysis, the aceuracy rates.for the remaining seven children improved from
6% correct on the pretest to 96% on the posttest.

Apparently, the seven subjects learned an N +0/0 + N = N rule. As 'I‘ablerv(i

shows, these subjects (S 04, S 06, S 07, S 12, S 15, S 17, and S 20) consistently
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responded to the zero problems incorl;ectly on the pretest, - Without practicing these
problems, they were éonsistently accurate on the poéttest. Mo|reover, unlike S 05{ S
18, and S 21; these seven subjects used a "pick-the-larger_—uddénd" strategy with only
zero problems. The results of the three addition fransfer, préblems also depicted in

Table 3 support .t(his analysis, The subjects in this study probably had never been

exposed to written three-digit addition problems. Yet, the seven childen under
1 * \ .

discussion responded quickly and accurétely to these novel zero problems. Moreover,

" they used a N +0/0 + N = N rule selectively.

The resuits delineated in Table 2 for the 11 subjects who initially did not know
the one combinations and the 16 children who initially did not know the larger
combinations were also difficult to reconcile with a distributions-of-associations

model. In both cases, the ‘mean associative strengths of the posttest: responses were

considerably lower than were those of the most frequent pretest‘responses; This is due .

to the fact "that, with the one problems, responses with very low or zero conditional
probability were neai'ly as frequent as those with the greatest condisional probability.
For larger problems, responses with the third greatest," very -low, or no conditional
probability each outnumbered those with the second greatest associative strengt}i.
Indeed, responses on the pretest estimated to have no associative strengt’h were nearly
as frequent as those deemed to have the greatest. Finally, for bothione and large
problems, the generally low Glass rank-biserial correlations suggest tﬁat the degree of

associative strength was not especially predictive of a child's posttest response.

The discrepency between pretest and posttest results for one and large problems -

is not as easily explained as in the case of zero problems. For both one and large

problems, estimates were somewhat more accurate. For the 11 subjects who initially

25




R

4

LR

-24-.

£

did not kmow the one combinations, the mean number of correet responses on the

_pretest and posttest were .22 and .30, respectively. The pretest answers 'of these

subjects differed from the correct ansWers, on average, by 2.9. On the posttest the

mean absolute error dropped to 1.8 -For th. large problems, the mean~ number of

larger addend; on the posttest she always seized upon the last addends.

_cgrrect responses on the pretest and posttest were .05 and .12, respective_ly. The . -

-

margin of error fell from 4.0 on pretest to 3.2 on the posttest.

LY

For one- and large-type problems, there was little evidence that supported the

‘alternati\fe model's contention that Qualitative changes in strategy account for

improvement in e'stimation ability. Though sbeeific- estimation strategies did change,

the children's hypothesized general estimation strategy typically remained unchanged.

4}

For example, the best estimator"on the pretest (S O:l) not surprisingly continued to use
the general approach of addlng several_to the 1arger addend (5 of 6 or 83% ol the
large-problem posttest trials). However, she stopped favorlng the speclflc number 10
(a new and more reasonable favorlte, 11, was given 50% of the time). State a teen _'
remalned a favorlte approach for large problems for children on the posttest. For S

01, S 0«2, S 10, and S 04, the strategy accounted for 75%, 100%, 100% and 40% of their

o

‘.ir}correct responses, respectively; All four of these children, \however, no longer relied

on’ the specnfnc and, somewhat mechamcal strategy of changing one of the addends into -
a teen. Statlng a partlcular number apparently remained a favornte strategy for three

children. B14 responded with 9 on 4 of tiie 6 large problem trlals, S 12 responded with

10 to large problems 50% of the time. 09 used 8 or 10 83% of the time with large

v oroblems. S 14 and S 12 used the same particular numbers that they had used on the

pretest, and S 09 dropped 6 as favorite, continued using 8, and also adopted the more
reasonable estimate 10.. State an addend remained the predominant strategy for two

subjects. S.21 used this approach for all types of problems with 100% consistency. S

05 used this strategy on all 14 posttest trials but one. In-terms of a specific strategy,

S 05 actually appeared to regress. Though on the i etest she relied on stating the
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Three subjects 9ppeér_ed to have switchéd the type of genergl strategy they used,
but only in one case 'mi_ght this be considered an improvement. S 09, who on the
pretest seemed to rely on stating particular numbers (6 and 8) for zero and one
problems, on the posttesf rather consistently gave the larger adden< as an answer for
all eight zero and one trials.. S 18, who had earlier relied alrﬁost exclusively on adding
one to an addend—especially the larger addend—relied exelusively on stating an addend
when she encountered one ‘ 'z.and large prdblems on the posttest.. | Indeed she r;early
always simply chose the first addend'(7596 of tpe one triuls and 83% of the large
vtrial‘s). S 17, whd hadn relied on a stéte-a-teen strategy on the pretest for all types of
" problems, switched to an add-@ne-to:the-larger approach on the bosttest for (3 of the
4) one pp’dblems_ and (3 of the 6) large problgms.i A -

14

Comparisons With Sereening Results

Table 4 compareé,the quality of the subjects' pretest and'posttvest estimates with
the screening results: On the pretest, five subjec‘ts demonsfrated considerable
flexibility in their estimation response—that is, ithey différentiat;a ‘afnong zero, one,
and large problems. Two children de}m'onstrated some flexibility (S 04 responded in
qualitatively different way to larger problems, and S 09 differentiated between zero
and other types of problems). Most subjects tended to use a (hypothesized) strategy
that was reesonable—that generated answers é‘reater than the larger éddend (or, in the
case of zero prohlems; greater than or equal to the iarger addend). As Tablj shows,
most subjects responded with reasonable estimates on a'majority of the Irials.x A
handful of subjects appeared to rely on a strategy that .violated the concepts that
addition ,inv‘c;lve's incrementing &nd that the sum must be greater than the larger

addend. Though she tended to favor 12, 19, and the made-up number 1l-teen, one

child (S 07) otherwise did not appear to respond systematically.
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As hypothesized by the alternative model, most children either did or did not
avoid impossible sums for both ascending and descending problems. On the pretest,
five kindergartnérs (S 02, S 01, S 10, 503, and S 13) almost never gave impossible
sums. Eight children gave a roughly equal‘nuhber of impossible sums for ascending.
“and descending problems. Two subjects (S 12 and S 06) gave somevqhat" more
impossible sums for descending problems than for ascending problems (.44 vs. ’.34 and
.64 vs. .51 respectively). Two participants (S 14 and S 18) responded with considerably
more impossible answers to descending probliams than to ascending problems (.31 vs.

.14 and .94 vs. .14, respectiyely). In the case of S 18, at least, the discrepency could

be attributed to the estimation strategy the child seemed to be using: adding one to

the last addend.

As Table 4 shows, children .\v;lho tended to be bét\ter estimators generally had
sound prearithmetic skills, wh.,le the Doorest six estimators tended to have weaknesses.
Note especially that'ditferences in the use of the N + 1>N rule. Furthermore, six of
the seven flexible estirﬁators were quite successful (4 or the maximum 5 correct) on
the word problems. On the other hand, the poorest estimators tended to have
‘difficulty with the addition word problems. Four of these children could not solve a
majority of the trials on their own—even though they were shown or helped with a
concrete;counting-all procedure after each unsuc;cessful attempt. It should be pointed
.out’ that the two children (& 21 and S 05) who mechanically stated an adend for most of
their estimates on the ;:vel1st and the posttest were among the children with the least

amount of pre-arithmetic and general arithmetic ability. This evidence is consistent

with the argument that a sta'te-an-ad_dend response bias is a very early estimation

strategy.




Study 2
Method

< Participants

Children for Study 2 were drawn from 11 c¢lasses in an upstate New York county-
wide special education service agency. From this subject pool, a total of 30 children
were identified for the study. Qualifying children passed a screening test that

indicated a readiness for arithmetic training but had not yet mastered the basic

number combinations. There were an equal number of males and females. The sample"

consists largély of moderately retarded children: 24 children have IQs ranging
between 31 and 49. 3ix children are'élassified as ;mildly retarded (IQs rangingvfrom 52
to 66). The IQs were taken from schoo! records and, for the most part, were scores on
the WISCR-R or Stanford-Binet test. Children..ran'ge& in chronological age from 6
years and 10 months to 20 years and 16 montﬁs.
Design

The children were screened on prearithmetic and basic addition to identify
children whose skill level-was too low or too high for the study. The addition sereening
also served to gauge the subjects' level of grithmetic Ability. The subjects were then
tested on a set of problen:s to estimate their distributions of associations. A set of 16
basic additions combinations were administered 20 times in 7 or 8 sessions over a

pericd of a month.

Tasks

Screening for prearithmetie skills. To be included in the study, the subjects had -

to demonstrate competence in using the N + 1> N rule with numbers 1 to 5, reading

numerals to 10, producing sets of 1 to 5 objects, and enumerating 1 to '12 objects.

'The N + 1>N rule was assessed by randomly presenting a child with eight number
pairs, such t;s 3 or 2, and 4 or Y, and requiring the child to pfck the bigger number.
Criterion was seven of eight correet (p<.05, Sign test). If a child did not meet

criterion on the first try, the task was readministered at a latter time.
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The children were presented numerals in random order and asked to read them,

The eriterion for the numeral-reading task was 10 of 10 correct.

In the context of a gamie, children were asked to count out 3 and 6 miniature

~ cowboys from a pile of cowboys. If a child produced the incorrect number of objects,

the trial was readministered. Two points were scored for a correct initial response;
one puint for correct response on a second try. Criterion was defined as 3 or 4,‘p'oints.
There were two enumeration trials in which the child counted stars attached, toa
5" x 8" card. One card had 6 stars; the other had 12. If a chlld incorrectly enumerated
a set, the trial was readmimstered. Two pomts were granted for a correct initial
response; one for a correct response on the second try. Competence was defined as 3
or 4 points.

Addltlcn sceening. The addition screenmg consnsted of four tasks: 8 combine-

type word problem, 8 change—type word problems, 12 concrete addition problems, and

’ 16 commutatwnty qLestlons. The addition screening was done over three 20 minute

| sessions. The trials for a task were divided between trvo sessions. Session 1 consisted |

of combine-type word problems (Trials 1 to 4), change-type word problems (Trials 1 to
4), and commutativity questions (Trials 10 to 8). Session 2 consisted of combine-type
word problems (Trials 5 to 8), change-type word problems (Trials 5 to 8),‘ and concrete
addition problems (Trials 1 to 6). Session 3 entailed concrete addition (Trials 7 to 12)
and commutativity questions (Trials 9 to 16).

~The ccmbine-type word problems were embedded in a game in which the child
noncontingently won money. The tester placed a nuntber of play dollars equal to the
first addend in his or her right hand (the child's left side) and said, "I have X dollars in
this hand. See?" Next the tester closed his or her right hand and repeated the process
for the secondl addend with the left hand. Then the tester clasped his or her hands
together and said: "Now I r)ut the dollars together. How much are X and Y

altogether?" A trial was readministered if the child did not respond or could not
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remember the addends. A practice trial of 1 + 1 was administered before the test
trials. If the child responded iﬁcorrectly on the pratice trial, the tester commented,
"No, I have two altogether. I started with one here 'and one here, so thére are two in
my hands altogether." The subjects were allowed to mentally compute the sum or use
their fingers. The trials for Session 1 consisted of 1 +.2, 4+1,2+4and5 + 3; for:
Session 2, 2+ 1,1 +4,4+2,and 3 + 5. Within a session, trials were administeréd in
random order. Scores could range from 0 to 8 correct.

. The change-type problems were presented as stories. The tester would read, for

 example, 'iAfter school, Cookie Monster runs home for his snack, His mom gives him

four cool.ies and he sneaks one. more. How much is four and-one more altogether?" A
problem was reread if the ci1ild dlid not respond or could not remember‘the -addends.
The subje‘cts were alloWed to mentally compute the sum or use their fingers.ﬁ The
trials for Session 1 consisted of 2 +1,1 +4,3 + 5, and 4 + 2; for Session 2, l+ 2, 2 +4,
4 +1, and 5 + 3. Within a session, the tr}éls were given in random order. Scores could
;ange from 0 to 8 correct.

Concrete addition was checked in the context of a game by asking the child to
cuompute the sums of proplems presented verbally and in written form. The tester
showed the child a card with a arithmetic sentence and said: "’I‘ﬁis card says, 'X and
Y.! How much is X and Y altogether? You can figure this out any way you wént: with
block, fingers, or in your head." If a child was not successful in using a mental
procedure, the child was asked to figure out the problem using fingers or blocks. If the
child was still unsucéessful, the tester demonstrated a concrete-counting-all
procedure: "What does this number [the first addend say. X, O.K., let's put X blocks
under the number. What does this number [the second addend] say. Y, O.K., let's puf
Y blocks under the number. Now let's find out how much X and Y are altogether by
counting all the blocks." The trials for Session 2 were 1 + 2,2 +3,3+5,3+1,4+2,

and 5 + 4; for Session 2,2+1,3+2,5+3,1+3,2+ 4, and 4 +5. Within a session,
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problems were presented in random order. Scores could range from 0 to 12 computed
correctly:»eithen ‘mentally or by using concrete objects. "I‘rials on which a concrete-
counting-all procedure had to be demoﬁstrated by the tester were scored as incorreet.

Commutativity was assessed by asking the child to ’help a muppet Cookie
Monster with his arithmetic homework. The tester wrote an equation on a magic slate
board while saying, "Cookie Monster says that X cookies and Y cookies make Z cookies
altogether." Directly beneath the first arithmetic sentence, the tester wrote either a
commuted problem (or a different problem). The tester asked, "Does Y (A) cookies or
X (B) cookies make Z cookies or a different number of cookies?" The trials .f.'or Session
lwere3+4&4+'3,5+2&2+5,9+3&3+9,(}+126;.12+6,0+4&3+4,5+3,&
5+0,2+9&2+12,and 10 +5 & 9 +5. The trials for Session 2 were 4 +2& 2+ 4, 4
+5&5+4,12+8&8+12, l4+.,5&5+l4,l+5&l+'0,4'+8&-l+8,4+3&5+3,
and9+1&9 .+ 4. A correct response to commuted trials involved indicating that the
sum of the second problem was the same as the first either by saying, "The same," or
by stating that Z was the sum. Commuted trials were scored as incorrect if the child
had to compute the sum or indicated that the sums were different. Different-problem
? trials were scored as correct if the child indicated t;mt the sum would be different
from Z or specified a sum other‘than Z. Scores for each type of trial could range from
0 + 8. Success was defined as 7 or 8 points ( p <.05, Sign-test) for both types of
problems. | |

Estimation Task. Basically, the same estimation task procedures used in Study 1

were used in Study 2. Trials on which a child responded with an answer greater than
20 were not readministered because it was not safe to assume that such answers were
clearly performance failures. There were two descending zero problems (4+0and6+
0) and two ascending zero problems (0 + 5 and 0 + 9), two one problems of each type (3
+1,8+1,1+4,and 1 +7), and four large problems of each type(4+ 2,5+ 3,8 +6, 9
+3,2+5,3+4,5+8,7+9),
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The results with the mentally handicapped children were similar to those of the
_kindergarten children. Again there .was little evidence of léarniﬁg during the
estimation task. There were some improvements} in the success on the last ten trials
- in a number of isolated instances. (S 01 improved from .0 to .6 on 1 + 7; S 02, from 0
to.3on 0+ 5;S 03, from D to .2 on }+4;805,.3to.50nl+7,806,.6to.80ql+7;
- S10, .6 to.8 0on0 + 9 an;i S 21, 0 to .2 bn_ both l + 7‘aﬁd. 2 +5.) Small amounts of
imprcovement were registe_red by a number of cb.ildren on particular types of problems
because of the estimatioﬁ strategy they adopted. For example, S 09 _appéa‘red to
‘improve on the zero problems (.6 to .7, .5 to .7, .7 to 1.0 and .7 to .9) because the child
adopted a state-the-larger-addend strategy for all types of problems. Other cases are
even less dramatic (S 07 improved from 1 to .4 on 4 + 0 because of a generally u;ed
state-an-addend strategy; S 19 improved from .3 to .6 on 7 + 9 because of the response
bias of saying "16;" S 25 apparently improved from 3 to.7Tand .1 to.6 onN +1
problems the child fell into the habit of adding one to the larger addend; and S 27 went
from .6 to .9 on 4 + 0 because of é tendency to state an addend for all types of
problems). Two children appeared to show genuine improvemeht on the zero problems.
S 12, who consistently got about 70% of the N + 0 (déscending zero) problems correct,
improved t:rom .4 to .6 and .6 to 1.0 on the 0 + N problems. S 24 appeared to
consolidate his knowledge of the zero éombinations—improving from .7 to 9on 0+ N,
(ascending zero) trials and from .6 to 1.0 and .7 to .8 on N + 0 problems.

Even more so than the kindergarteners, the mentally htnahd'fcapped children
tended to use one strategy or'tw_o'that accounted for a large proportion of their
responses (see Table 5). For five of the six subjects who typically .responded'correctly
to zero and one problems (S 28, 8 12, S 20, S 05, and S 10), adding one to an addend
accounted for a substantial proportion of the large-problem estimates. Adding one to
either addend also accqunted for a large portion of large-problem estimates for

subjects who were generally correct on the zero problems (8 24, S 13, and S 21),
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Four subjects (S 19, S 23, S 15, and S 04), did not know the zero combinations but
systematically treated zero problems differently frorh other problems. The next seven
subjects iisted in Table 5 used a variety of strategies, which included generating- -
number pairs or sequen_ées of three or more numbers that were unrelated to the
problems presented. The strategies identif-ied were used with at least some
consistency and, in most cases, accounted for at least half a subject's responses to a
particular type of problem. Moreover, the last 10 subjects listed “in Table 5
tenaciously used the response bias of stating.an -addend.

Table 6 summarizes the results of the arithmetic screening and lists data that
-indicate the éuality of the subjects' estimates. Note that children with a befter
pérforman_ce on the aritl;metic sereening tended to- make "estimates that weré ‘moré
reasonable and more accurate. The commutativity resulfs are not listed in Table 6
because only one child (8§ 05)—one of the more accurate estimators—met criterion.
Note especially that the children who relied upon a state-an-addend strategy (the last
10 children listed in Table 6) were, as & group, among the weakest in arithmetic

A}

ability.
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As in the case of the kindergarten children, the mentally handicapped children
tended to respond to aséending and descending problems in a similar manner—except
when their estimation strategy favored one' type of problem. 'l‘her; were eight
instances i which the proportion of impossible sums were very discrepant (differed by \

a factor of at least 6). Seven of these children (S 12, 815, S 04, S 14, S 18, S 02, S 06)
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gave many more impossible sums to descending problems because of their tendency to
add one to the last addend. One child (S 19) gave many more impossible sums to
ascending problems because o_f the tendency to state the first addend when presented» a

zero problem. -There were five instances (S 20, S 05, S 10, S 13, and S 03) in which the

‘proportion of impossible sums-was somewhat to moderately different (differed by a.

factor of 0.2°to 2.0). In three of these cases, the larger proportion of imposgible sums
given for descending problems can be attribute? t? the tendency to add one to the last.
addend. |

Discussion

The distributions-of-associations mudel does not adequately account for either
the kindergartners® or the mentally handicapped children's estimates. Quite
frequently, when children's estimation performance is examined individually, the range
of estimates is far nar‘rower. and the strength of certain incorrect responses is far
greater than the model predicts.. In particular,.the model doés not explain why the
children with the lowest arithmetic ability in this study should seize upon one of the
addends as an estimate or otherwise responded mechanically {to ascending and
descending prol;lems alike).  Moreover, the model does not account for the'
qualitativeiy different responses among individuals or for the qualitative changes in
some of the kindergarteners' responses to the zero problems.

It does not appear that the distributions-of-associations model is applicable to
children's eat:liest estimation efforts and may only provide a partial account of later
developments. Though a longitudinal study is needed to examine directly preschoolers'
initial estimation efforts, the resulté of these studies suggest that children's earliest
estimates are not drawn \randomly from all known numbers as Siegler and Shrager's

(1984) computer simulation model implies. Furthermore, the results of these studies

suggest that the amount computing experience is insufficient to account for the type

" of estimation errors that occur before mastery of the basiec number combinations (ef.
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Ng & Ames, 1951; Olander, 1931; Thiele, 1938; Thorndike, 1922; Wheeler, 1939).
However, further research is needed to test directly the predictions of the
distribution-of-associaﬁons model concerning ‘the role of response frequency in
establishing both incorrect and correct responses.

The limited range of responses and the nature of the responses suggest that the
kindergsrten and mentally handicapped children tended to rely on a strategy or two ts
manufacture estimates. Presumably these estimation strategies were shaped by the
children's semantic and procedural knowledge of arithmetic. The ability of
kindergarten children to respond efficiently to unpracticed single-digit and -.unfamiliar
three-term zero problems is sonsistent with the hypothesis that fhese subjects learned
a genesal zero rule. Thdugh trsining resulted in some improvement on nonpracticed
one and large 1iroblems, there was little evidence of qualitative changes ln .estimating
non-zero problem sums. However, the training was of limited duration and some
kindergartners already seemed to be using relatiVely sophisticated estimation
strategies. Needed is a long—tsrm study that follows children from the time they ‘
produce unsophisticated estimates to the time they produce good estimates. Further -
research is also needed to determine what role g‘eneral arithmetic knowledge plays in
the development of mental arithmetic. For example, whether or not knowledge of
commutativity plays a role in mastering the basic number combinations needs to be
examined direétly\.

| In conclusioﬁ,-\the development of mental. arithmetic—even that involving the
basic single-digit combinations—cannot be understood entirely in terms of forming
specific numerical associations. No doubt computing experience plays a role in
mastering the basic number combinatiohs, but it does not appear to be the only process
at work. The evidence of these studies is consistent with the view that children do not
simply recall estimates from a repestoire of specific associations. Rather they seem

to manufacture estimates by employing strategies that are based on their knowledge
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of arithmetic and which operate on their representation of the counting string. Just
how previous learning and practice interact to promote learning the basic number

combinations ’remains an open and important theoretical and educational question.
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Aruitoxt provided by Eic:

" proportion o? Pretest Trials In Which Kindergarten Subjects Used Thelr Most

Table |

Frequent Global and/or Speciflic Estimation Strategy for Three Problem Types

Problem Typec

' Ne0/0+N N1/ )N W/ MeN
$5°_ Hypothesizad Strateqy’ \ (80_trials) (80 trimls) (120 trials)
03  Add several to'the larger addend . e
(particular numbar: 10) NA NA _ J2(.k6)
0) ___ State_a teen (N or M + teen) WA NA .97(.37) ’
02 State a teen (N or M + teen) . NA NA .86{.37) . '
1 State a particular number: 9 " . NA NA 5]
10 State a teen (N'or W ¢ teen) °_ NA NA .93(.86)
Ok + Add one to the ln\roer sddend .65 .65 .. ‘ ,
State a teen (N or M ¢ tnn.)' - . - .68(.33)
15 Add one to an addend (larger_addend) +57(.57) .61(.51) .67(.55)
21 State an addend (larger addend) _.9u(.87) 1.00(.87) 1.00(.84) o ;
12 State » pnrtlacullr nw?oz: 10 .34 .30 . A1 . :
06  State a particular number: 6 . .h0
State particular numbers: .6. 7. and B : ‘ i.ﬂod
State particular number: 7 . .25
09  State particular rumbers: 6 and 8 NA .60 53¢
20 Generate 8 nuwbe} sequence 37 .35 29
05  State an eddend (larger addend) 84(.57) .u(:iz)
State an addend (Smaller addend) . ‘ .85 (. bh) ‘
18___Add one to an addend (last addend) -97(.90) .97(.89) .97(.87)
07 State a particular number: 19 ' .20 ‘
State particular numours: )
12 and Vi-teen ' - .29° I
State particular numbers: e
19 and 11-teen ‘ .28¢
17 , State a tee: (N or M + teen) .82(.59) J2(.49) 82(.58) |
13 State 8 _teen 99 =9 96

'Sub]uts are Vistad from tne most accurata estimato” to the least accurate.
L3
Accuracy was computed by wnhlng the mean abiolute error scores (correct sum

minus astimata) for the 14 probiems.

l’lv'n cases whera 8 plobal stratagy and & more specific version of the general

stratagy ara reported, the letter-is litluded In parenthasis,

ENA Indicates not spplicable. That Is, the child was consistently correct on
thet. typs of probiem and an Incorract procedure could be discountad (a.9. @lways

plcking the larger term for one and larger problems as well as zaro problems),

"‘[m frequency of sach particular number used wes squal or very nearly equal,
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Table 2

Pretest

P

-

§)ra!est and Posttest Responses in varms of Distributlons of Assoclatlons « ..

Posttest

Responded with

Responded with an answer with

Responded wi}h

an answer with

¢

Responded with

Responded wlth

Hean assoclative Mean an answer with the second the third an answer with a novel answer Pretess-posttost
strength of the assoclative the greatest greatest greatest low but Some (with condl- (Glass.rank-
most frequent strength assoclative nssociative assoclatlve assoclative tional proba- biserlal)
- Problem responie of response s!rengﬂ#‘ strength s!}eng!h 5 strength bllity = zero) Total correlation
-' 0+N/N+0 T T
046 ~5§ .21 3 2 0 0 5 . e 37
049 59 N 2 | | 2 4 o s .3
740 .57 15 S ' 4 0 v o L
8+ W58 .10 2 0 4 1 3 10 25
Totel 8 Ty 9 3 ") 40 .
| T4N/N+)
147 .59 T 4 2 2 0 3 " .07
148 ' .3 4 5 0 0 2 ‘N 0
601 RY) 27 § 2 | 2 C 2 n 39
, 941 .55 .36 L) N | 1 b R 36,
Total 16 10 [} 3 1 by
MN/NN
3+7 Ny 2 6 | 2 3 b 16 s .03 A
" 448 .48 16 5 2 3 2 4 16 -.02
546 A9 .23 3 5 2 2 4 16 5
7+4 51 19 4 0
8+5 b A9 b ' b
943 51 .28 3
[ Total 2/




. Table 3 L | B .
A Comparison of Pretest, Posttest, and
Transfer Task Performance

for Subjects Who Did and Did Not

Learn a Zero Rule: ; y
Posttest _ Thtee-Digit Addition Transfer
. Pretest Mean * Used zero Mean Used zero
accuracy Accurécy RT : rule ‘ Accuracy RT*"d//// rule e
S# rate rate rating discriminantly rate rating discriminantly

Children Who Appeared to Learn the Zero Rule

obh .05 ' 1.00 0.25 . Yes 1.00

06 7 1.00 0.25 Yes 1.00
07 i .02 1,00 0.25 Yes G 1.00
12 01 75 0.75 Yes | .00
15 .01 .00 0 Yes 1.00
17 .01 1.00 0.50 | . Yes 1.00
20 .2 " 1.00 0 Yes 1.00

Children Who Did No: Appear to Learn Zero Rule

.25 Yes

.50 Yes

.75

.25

.50

Yes

Yes

Yes

Yes

Yes

05 '57 ‘75 0025 , NO 050
8 .00 . 1.00 " 1.00 / No .00
.87 1.00 0o~ N 1.00
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Toble &

Indicators of Estimation Queilty end Screening Results

Proportion of Hean Prearithmetlc Skills ' Arittwatic Skills
“Type of Imposs ible sbsclute Counts Counts NeDN Reads Vord Problems Automatic
Pretast sums error . Counts sets out sets rule numerals ‘COffGCt' basic fects
Cstimates S# Pretest Posttesy Pretest Posttest to 15 1 to 15 of | to$ 1 to {0 0to9 (o to5) (0 to 10)

02 .00 .00 1 ¢ 0.9 3 ) 3 3 ) 5 3

Flaxible ol 01 .00 1.5 0.6 ) 3 ) ) ) 6

ond 10 .01 .00 .0 0.2 ) 0 ) ) ) 2 L

fessonable 03 .02 .00 0.7 0.6 3 3 3 3 3 5 5

oh M 20 2. 1.5 ) ) ) ) ) b L

L] 23 210 | 19 1.5 3 ) 3 ) 2 5 L

09 RY! 43 2.8 1.6 ) 2 3 3 3 5 3

13 02 - 6.2 2 2 ] 1 ? ) 8

Reesonsble 1 .16 .07 6.1 2.0 ) ) ) 2 ) 1 0

12 .39 20 2.7 1.8 1 2 3 2 0 W L)

15 .2 Nl 2.5 1.0 ) ) 3 3 ) ‘e - 5

18 5k M b3 3.4 ) ] ] 2 ) 2 3

06 57 2 2.8 1.6 2 2 3 2 3 5 3

Mechanical 20 .87 L} 3.0 2,1 2 2 3 0 ! ) L]

2) .75 o 2.1 2.0 1 2 ) _l_ 0 1 0

05 .8k .19 b3 b3 ) 2 ) 0 ) 2 2

Other 07 ¥l .50 b7 2.9 15 1 1 2 2 1o 0

.On an edditions! problem, the child spontaencusly used a correct procedure but miscatculated the sum..
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Table 5

Proportion of Estimation Trials In Which Mentally Handicapped Subjects Used

Their Most Favored General and Specific Estimation Strategy for Three Problem Types

Problem Typgg'
,‘ NHO/OWN NETTTAN N+M/MN

542 Hypothesized Strategyb (80 trlaigs (80 trials) (160 trials)
0l Add several to larger addend NA | NA 71
28 Add one to elther (the larger) addend NA NA .54(.37)
12 Add one to either (the last) addend NA NA .61(.51)
20 Add one to either (the last) addend NA NA 46(.33)
05 Add one to elther (the last) addend NA NA | .98(.47)
10 Add one to either (the last) addend NA NA .72(.49)
24 Add several to larger addend ’ NA Ry ' , -

Add one to elther (the larger) addend NA - 57(.33)
13 Add one to either addend | NA .60 .63
21 State a teen (addend + teen) NA .51(.45) -

Add one to either (the last) addend NA - .32(.21)
19 State (first) addend | .99(.96) NA -

State a particular number: 16 - NA LL
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Statel§maller addend ; .97 - -
State a particular number: 10 - .29 .28

Add one to larger addend _.,99 - -
Add one to last ;ddend - .00- 1.00

Add one to larger addend .00 - -
Add one to iast ;ddend - .99 .99
Larger addend pluscor minus one (add one to larger) .80(.69) - -
Add one to elther (the larger) addend 94(.72) -
Add one to either (the last) addend - - .93(.91)
State a partlcd]ar number: 8 .29 - -
Add one to élther-(the first) addend - .57 49
Larger addend plus or minus one (&dd one to larger) .00(.85) - -
Add one to the last addend B - .00 .99
State a particular number: 10 .61 - -
Add one to elther (the last) addend - .86(.81) -
Larger addend plus or minus one (add one to last) - - . .89(.55)
Generate number palrs (sequences) .39(.07) .37(.15) bo(.17)
Add one to elther (the lést) addend .79(.75) .79(.69) 83(.74)
Generate number pa.rs (sequences) .39(.14) .4o(.16) b2(.14)
State (larger) addend L (1.00) (.96) .97(.90)
State (larger) addend (.95) (. 94) .95(.81)
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16  State (larger) addend | | 1.00(.95) 1.00(.90) . .99(.74)

22 State (larger) addend : N o .95(.91) .97(.90) -
State (first) addend , . - - .97(.81)
27 _ State (larger) addend __ - .96(.81) .97(.90) .96 (.51)
26 State (larger) addend 1.00(.84) l.oo(.87) ll.oo(.56)
29 State (larger) addend . | .95(.79) - : -
 State (last) addend ’ - - .99(.95) 1.00(.55)

17  State (smaller) addend ' - .97(.77) - -
State (larger) addend ' | - | 95(.92) .96 (.79)

09  State (larger) addend | ' .99(.73) - : -

State (last) addend ‘_. - - .99(.69) -
State (smaller) addend _ . - - .99(.65)

07 lSiate (smaller) addend . I.OO(.64) . - -
State (last) addend . - | 1.00(.57) 1.00(.57)

aArranged lﬁ order of estimation strategy quality, as judged by appropriateness of sums

and discriminant application to ptoblem types.

bIn cases where a general strategy and a more specific version of the general strategy

are reported, the latter is Included In parenthesis.

@

°NA indicates not applicable. That Is, the most frequent strategy was to produce the correct sum,
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Table 6

" mentally Handicapped Subjects' Arithmetic Screening and Estimation Task Results

Arithmetic Screenling

N\

word Concrate Additlon Yask Estimation Task R
problems Spontaneously Number Proportion of Mean Overall iﬁnk:
correct used a correct of corract Impossible absolute lnnosslble\>uq;
s# (0 to 16) procedure answers sums arror ¢ absolute error i
0! 4 12 12 .0k o | ”
28 15 _ 12 ) 12 .19 1.9 2
12 3 1”2 " .25 2.2 3
20 1 12 . 12 .27 2.3 4
05 16 - 12 3 2.4 5
’ 10 6 8 1 .35 2.4 6
24 5 12 n .32 2.6 7
13 7 12 12 . b 2.8 15
21 8 1 1 .18 8.5 19.5
19 12 12 12 N 3.4 8
23 . | 6 6 . .37 3.9 12.5
s 6 BSET BT 37 3.0 12.5
L] 6 1] 9 .38 3.0 17
L} 8 10 10 X 2.9 9
25 3 10 7 35 2.8 10
18 6 8 8 42 3.00 18
02 6 7 7 L] 37 23
08 5 10 9 .05 ‘ 8.0 16
06 6 n 9 .38  FUB 22
03 Y 1 g2 0.8 26
n 1 10 9 .73 2.3 _ "
30 8 7 7 4 2.k L}
16 2 " ] .76 ' 2.7 19.5
22 6 2 2 .75 2.8 21
27 5 n 10 07 3 24
26 1 " 1" .79 3.1 25
29 0 4 1 .80 3.8 27
17 0 0 0 ' .92 3.5 28
09 0o 4 10 10 8 A2 29
07 4 10 6 .91 AN 30

94§
<
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, Flgure 1: siegler and Shrager's (1984) Distributions-of-Associations Data

PROBLEM | ANSWER
oj1|2|3)us)|5)6]|7]|8]3]1

141 .05 .8s| [.02] |.02

1+2 | .09 | .70 | .02 .04 | .07 .02

143 02| -|.11.71].05].02].02

144 | Q.61).091.07)

1+5 | 3|60 || |02

2+1 1.07].05).79] .05 | 1

242 02 04| .05 | .80 | .04 .05

243 | . |.ouf.07|.38].3u].09].02].02f.02

2+ 4 02 07|.02).43].29].07].07]

2+5 .02 051,02} .16 .43].13 02

341 ‘[ 02] .09 .78 .04 04

V342 09 .11 .11].55].07

343 04 05].21|.09] .48 021 .02 .02
344 05|.11).23].14].29|.02

3.45 I 1.07 13).231.14] .18 | .05
4+l os1.021.00] .68].02].02{.07| [

4 +2 .07 .09 201.3].13].07] |.02
4 +3 05| .18l .09 | .09 .38].09 02
4+ 4 04 1.o2.021.200.07|.07].38] 1|.o4
4 +5 .ou4l.09).16].09].12 .14 11
5+ C | |04 .o4].07} .71 .04 | .04 04|
.5+2 |.0s[.20].02] .18} .27 .25 .02 |.02
543 021.111.09].18} .05].16{.23| .05
544 [].214.26].05].11].19 .04
545 04 1.070.25].21].02 .oj V34
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